The purpose of this paper is to obtain decay rates for eigenvalue sequences of positive integral operators acting on functions defined on the usual mdimensional unit sphere, under smoothness assumptions for the generating kernels defined by Laplace-Beltrami differentiability. The assumptions are easily verifiable and originate optimal super-exponential decay rates.
Introduction
The study of the relation between smoothness of kernels and decay rates for eigenvalues of the generated integral operators arose from the work of Erik I. Fredholm on abstract structures involving integral equations via spectral theory. Such relation was extended in many branches of mathematics and applied mathematics over the 20th century as the reader can verify in [6, 11, 12, 21] Adding a condition of positivity over the integral operator Reade ([22] ) proved a better decay rate for the sequence of eigenvalues, namely λ n = o n −r−1 , as n → ∞.
A distinguished generalization was made by Kühn ([16] ) working on a compact m-dimensional C ∞ -manifold M equipped with a Lebesgue-type measure. Defining C r,0 (M) by the Hölder class C r (R m ) and charts on M, Kühn proved that for every r > 0, if a positive definite function K belongs to C r,0 (M), then
where {λ n } is the eigenvalue sequence of the integral operator generated by K. Differentiability in a weaker sense but on a particular and representative manifold, namely the sphere S m , was considered by Castro and Menegatto in [4] . They handled a sense of smoothness related with the spaces W r 2 (S m ) of all functions from S m × S m to C whose the r-th Laplace-Beltrami partial derivatives with respect to the second variable belong to some space of integrable functions on S m . Under the assumption that
m , it generates an integral operator possessing some additional desired properties and they established that
A sweeping generalization was made by Jordão, Menegatto and Sun in [13] . They replaced a smoothness assumption on the kernel with certain fractional derivatives and obtained
the power of n now being defined by a positive real number r. In all settings mentioned above, no matter what finite order of differentiability on the generating kernel was used, the eigenvalue sequence of the integral operator had polynomial decay. If the order of differentiability is infinite, one may expect exponential decay rates for the sequence of eigenvalues as we can see in the following background. Kotljar in [15] considered functions from (a, b)×(a, b) to C inducing Hilbert-Schmidt integral operators and its singular value sequence {s n } arranged in decreasing order according to their modulus and algebraic multiplicity. Assumption of smoothness on the generator (kernel) of the integral operator was made via mean derivatives for functions from the interval (a, b) to C. Kotljar established the following: if the kernel is infinitely many times differentiable on the second variable then
where R < 2 and M is a constant not depending on n but both connected with the smoothness of the kernel. We point out that harmonic analysis on certain intervals and spheres has the same structure, that is why these settings are always comparable. So turning our attention again to the spherical setting, Azevedo and Menegatto ([3] ) extended somehow Kotljar's ideas by considering complex valued dot product kernels K on S m × S m having a Taylor series expansion of the form
Under a few technical assumptions on the coefficients {b n } (implicitly related with smoothness of K) they obtained the following asymptotic behavior for the eigenvalue sequence of the integral operator generated by K:
Here a n ≍ b n means that there exist positive constants α and β, not depending on n, such that α a n ≤ b n ≤ β b n , for n ≫ 0. Certain classes of integral operators on the sphere generated by dot product kernels, in particular Gaussian kernels, are very useful in applications related with regularization in machine learning ( [6, 18, 19, 25] ).
In the present work, we are interested on positive integral operators on S m which are generated by infinitely many times Laplace-Beltrami differentiable kernels. The setting here is more general that the one in [3] in some sense but even this way it is not disconnected from it. The smoothness hypothesis we will introduce is easy to check and most of the kernels which are relevant in applications satisfy them, in particular Gaussian and inner product kernels ( [6, 19] ).
The paper is organized in two more sections as follows. Section 2 is reserved for the establishment of notations and the framework we work on, description of the main result of the paper and the presentation of a concrete class of dot product kernels that fits in our main result. We close the section proving that the decay rates obtained for the eigenvalue sequences are optimal. Section 3 is regarded for a proof of our main theorem.
Main result, examples and optimality
Let S m denote the m-dimensional unit sphere centered at the origin of the euclidean space R m+1 (m ≥ 2) and endowed with its surface measure σ m induced by the Lebesgue measure of R m+1 . We write
to denote the usual Hilbert space consisting of all square integrable functions f : S m −→ C with its inner product
and the induced L 2 -norm · 2 . Here σ m is also the normalizing constant surface area of S m given by σ m = 2π
. ., are the so-called Fourier coefficients of f . References for basic analysis and harmonic analysis on the sphere are [7, 20] .
A function (kernel) K :
If K carries some smoothness assumption then we can assume that a nj ≤ a kl whenever
If a kernel K as (2.1) is positive definite (or L 2 -positive definite, see [8] ), the integral operator (2.2) is positive and therefore self-adjoint. Assumptions made here on K guarantee that the eigenvalue sequence {λ n (K)} of the positive integral operator (2.2) generated by (2.1) can be organized in a nonincreasing order. Additionally, they are the Fourier coefficients of K in the sense that
We are interested in integral operators to be generated by Laplace-Beltrami differentiable kernels. The Laplace-Beltrami derivative is a variation of the usual derivative on S m given via the spherical shifting, which is defined by the formula
Here, t ∈ (−1, 1), "x · y" is the usual inner product between x, y ∈ R m+1 , dy denotes the measure element of the rim R m t := {y ∈ S m : x · y = t} of S m and |R
its volume. If we write ∆ t := I − S m t , where I denotes the identity operator on [5, 7, 17] and references therein. In particular, in [5] we find explained the connection among Laplace-Beltrami derivative and the usual derivative on S m , while in [7] we find its connection to the so-called r-th spherical modulus of smoothness.
Our main concern is with kernels K ∈ L 2 (S m × S m ) belonging to the Sobolev-type space
With all this in mind, the main result of this paper establishes the following. 
The result we state here can be seen as an improved spherical version of the one obtained by Kotljar in [15] . There the author works on a very particular setting, namely an interval in the real line and imposes strong conditions on the L 2 -norms for all derivatives of the kernel. The conditions we require are weaker and not difficult to verify. Our result translates itself into the following property: infinitely many times differentiable kernels in the LaplaceBeltrami sense generate integral operators having eigenvalue sequences possessing superexponential decay rates.
Another comparable setting can be found in [3] where the authors gain certain exponential decay rates for the eigenvalues of integral operators generated by dot products kernels on the sphere in terms of the Taylor series expansion coefficients of the kernels. It motivated us to construct the class of examples below. Example 2.2. For m ≥ 2, we consider the dot product kernel
where ǫ is chosen to be strictly bigger than m/2. The kernel K is infinitely many times differentiable over the sphere in both variables in the usual meaning. This implies that K is infinitely many times differentiable in Laplace-Beltrami sense ( [5] ) and then K ∈ W ∞ 2 . If we define the sequence {b n } by
In other words K satisfies all the hypotheses of Theorem 3.3 in [3] which implies that the sequence {λ n } of eigenvalues of the integral operator (2.2) has the following asymptotic behavior:
Example above gives us an algorithm of how to construct a large class of kernels fitting in Theorem 2.1. More details and informations about decay rates for the eigenvalue sequences of integral operators generated by dot products kernels on the sphere can be found in [3] .
We close the section showing that the decay offered by Theorem 2.1 is optimal. The sense of optmality we are about to prove is explained by the following statement. Proof. Let K ǫ ∈ L 2 (S m × S m ) be the kernel given by the series expansion
If we denote by P m n the Legendre polynomial of degree n in m + 1 variables then the addition formula ( [20, p. 27 
implies the following series expansion
Since 
Proof of Conjecture 2.1?
Before presenting the proof of the main result, we introduce some properties of singular values already adapted to our needs. The reader can find them stated and proved in standard references on operator theory as [9, 10, 14, 21] . The singular values of a compact operator T on a Hilbert space are the eigenvalues of the compact, positive and self-adjoint operator (T * T ) 1/2 . We write s n (T ) to denote them. Since the integral operators K we work with are themselves compact, positive and self-adjoint, their singular values and eigenvalues are the same. Moreover, If S and T are compact operators on L 2 (S m ) then
The proof we will provide is strongly based on features of the Laplace-Beltrami integral operator J , which is the unique compact, positive and self-adjoint operator on L 2 (S m ) whose eigenvalues (and singular values) are the multiplicative inverse of the eigenvalues of LaplaceBeltrami derivative, that is J (1) = 1 and
It acts on L 2 (S m ) like an inverse operator of Laplace-Beltrami derivative on spherical harmonic spaces. Moreover, since J 1 := J is well defined, its power J r is obtained recursively J r = J • J r−1 , r = 2, 3, . . .. The interested reader can find out more properties of J in [17] . In order to follow some arguments ahead it is useful to understand how the singular values s n (J r ) of J r are distributed on real line. They are concentrated in blocks ordered in such a way that the first block contains the singular value 1 and the (n + 1)-th block (n ≥ 1) contains d Additionaly the singular values of an integral operator generated by a sufficiently smooth kernel are closely related to the singular values of certain operators which are the composition of the integral operator generated by certain degree of Laplace-Beltrami derivative of the kernel itself with the Laplace-Beltrami integral operator J . Relation is described by the formula
Actually, this inequality holds for kernels which are finite many times differentiable ( [4] ).
In order to present the proof of Conjecture 2.1 we may need technical lemmas. One of them is Proposition 2 of [15] . From now on we denote by K 0,r the r-th Laplace-Beltrami derivative in the second variable of K and by K 0,r the integral operator it generates. Considering all of this, we can now provide the proof of our main result. Since the singular values of the integral operator generated by K are arranged in a nonincreasing order then the following inequality holds
Introducing the Laplace-Beltrami integral operator, via (3.8) we obtain
The relation (3.7) guarantees that
which along with (3.9) implies
The same reasoning applied for s d m+1 n−1 (K 0,1 ) helps us to reach
Replacing inequality above in (3.10) we are conducted to
Smoothness assumption on K and an inductively process allows us to write
We turn our attention to the newcomer product in the right side of this very last inequality. Since we know precisely the singular values of the Laplace-Beltrami integral operator, we are able to establish Since the very last series is clearly convergent it follows from Lemma 3.1 that s n (K) = o n −1−n/m , as n → ∞.
